T Introduction to 7;/0/?/0/

Ere/)rone should be émiﬂdr with contmuous tunctions and

Lonvergence 11 mefe spaces (From Analysis T). We digcuss the most
fene/n[ coutext (Awhih one can  consder these (deas

A. 76?/0/39(20/ %mcej

let X be any se€

a tollection of whsett 7 ofF X & 4 fvéo/ogg fo~ X i

& emply set
) ﬁamo’XaxeM7

2) Aand B i 7 = (AaB) i 7]
P f ;Ao(}dea— is a collectron of sety 17 =7
A - -
then qLé/J 8 1m 77
here J & an widea set

eg. J=fn2} then {A-f;xe,f means }’A,,A,}
J=# , then {A“}a(éJ’ means 2( A—z:A.qu)--'j

note: progerty 2) = anay hirke wfersection of @ts w 7 i 1 7
eq9. ANBAC =(AnB)nC
\/:’\-/
a '/vgq/o;r&oz space v a pacs [X, '_7) whee X s a set and
s a {vfo/?/ on X
elemets of J are called ogen sets

%’am,ﬂ/t?S-' X=f{a bcf

T ={X @, fal (63 fac)f
T 1_4___0__7"' a fv/o/ayf on X




T:§{X g taf, {4 [ab] fac] ()]

i n’/q__f"ﬂ 1‘0/0/?;/ on X
%={X 2 fa) {L] fa, b))
(5 G 'Fvvpoéfly on X

to describe v fe/esﬁiy fa/o/cyzér we neel a ne deq

a tollectzon B of subsets of X is called a basis o a 76/0/&/?/

on X of D X s a vaon of sets wm B

2) F U,Vé@ and /éU/lV,
thean JWeB st pel/<UnV

W

f = @

/Qmwm 1:
jfweﬂ G 505;5 (ﬁ for a fo/ao[o/y on X
Jet 7@ = {60//601‘7071 of-all vnious of sets inBf

Then Ty 5 a tapology oa X

Froof:  need +o see Zﬂ safcbes V-3 i def? of -fo/o/oj7
N X is w 76 b)/ condition 1) of—def™ o«f O
2 is i T sme the vaion of no sets i Bz & (by conveation)
?—)17{'/4040(50!/‘@“& 7&8 then

= (/ v an =V Vv
A«eJ“ B,;GJ”3

7§/' (4‘ V; € B
no w nt Pé ANB +hen the e i; some o(béJ" {5° el
st. pel) and peV, ze pe ] AV,

thus Ly tonditwn 2) of B 3 b{,& B soch that
pe W, ¢ nV, cAaB



so AnB = () w 2 is obwious
pEANB P € (s clear with a

moments Wouylt-(- .!

3) F ;A“}def s a Co//ecﬁo-ri 1 745,%254
Ao(: v U; 74/ U;é(B

o€
%

Ua=- U U i,
o eJ A vel € y 76
gl
7@ 5 a 1‘0/00/?7 on X P
&Xamﬁe5=
) let (X, d) be a metni space
/'eca//, s means X (s q set and
OIJX;:X—-—)K
is 0 fuchion safis g
Ddlxy) zo YxyeX
2) dix,y) =0 S %=y
3) o (xy)= Ay, %)
D d(x.2) £ Al y)+lly, 2)

then @J" f B () $- all 720 and xeX] is a éa5<} for a
{Tpo/ofy o X
here B/(W)= {y eX st dixy<r}

lef"s Checj( 7‘4:5
5 X= U B so Xisa omion of elewents 1w [
xeX

2) ng,\ B.(x), B (x.) € ﬁd and a fobu‘r P € Br'[?‘,)/' B/_,’[?‘;)

set €= mua f")" oAlx,p), 1, 'J/X;,f)f
note i+ Z€ Bi (p) thean %
o (%, 2) < d(x,P+dlp,2)

< dlx,p)+-dx,0) =1



s0 2¢ B (%)
thl'/a//y 2 € 3/7 (v) so
peB (< @/“ (x) /IB/_, (x.)
thos By s a beses for o fopology on X
We call the fv,oo/?jy Z trdluced b/ B the metri f'D,ﬂOIC.)?Iy
on X (dueced by A)

e.y, X=[Rn n %
d[?c,y)=(zl (4 v,) ) where x=(x,,..,%,)

-

- . - N
/s the Euclidean metrwic on N

o d yz-frfs R" a metri fa/ola/)/
this, of course, is the topolegy studied wi caleulys fancalysis

also consciler n
0‘, (xe\/)"’ 2 I'X,-'Y.ll
751

and
o, (x )= maxflIx-yl, .., Ix,-y,13
wescise: 1) these ore metis on R
2) the fopo/ojlé.s 7d= 70,‘ = 70,1 are the Same.[
2) let [X, 7) and [Y, 7) be tvo fvpo/?/azéa[ paces
sett B=5UxV:U€T and Veg'y
Claim: B & a baséis for a 7‘900/0/0/ on X*¥
ndeed: 1) XsYeB 50 XrTira vacn of elts vi B

2) if ABER then Y Uy €T and Y€ T’

such that
A=(/AX\/A anA B: (/GXVB

if petxiy) € ANB then xelpat, ¢7

V, 1V €’

e b y €
X o pellhay) <(u0p) cAak




5o B a basis for a ﬁg/ooé]/ on X*I
the '/Dﬂ:/oy}/ on X"}/ Mplucepl é}/ @ 15 Ca//eo( f'ﬁe ’Dfo/uc'f' ﬁ’,"’/f,?y

&fefas'a 5Aau that e metri fo/aa/ty/ ov /Rz (s the same as e
produu‘ ﬁ/b/y/y on RxR here R is /Ot'ufn the metre 7@,&9@5/

another way fo get a "b/o/bj/ is as Fllows
bkt (X,7) be fv/oéjr'/,a/ pace
ACX a svbser
Set 7/4: fANU : Ue TS
exercse: 7,4 s a fv,ao/y/ on A

Ty s called the SVbspace l"gﬂa/?ﬁ,v on A

exescise:
1) H: [XJ) a mebreC pace ana//lCX then A has an viduced mefre olA

Show (Z4)y = )
7

Shspace ool metv el togology on A
of u/f”eﬁfcs( fD/aZ);y ducad L/ afq
on

2) R cR* as Yae x-axs, thea the sués/aace -tv/ao/g}/ or R
Lomin/o From R with the mefrec fb/o/oﬁ/ s e
mefr fb/o/g)z on /ﬂ' ”—{?.

EAXAMPAES:
n $'= §xy) epn’: 'Xl"}’t:l] /-\
jef'j a fvpoéj}/ Prom R* \j

/,
MO/EjQ/le/ZE y . " Z
§"= f Ok, x el Ea x}=1]

9ets a Tomlogy Hom R



2) # c /R de Q 'fDPO/7/ ‘ﬁ’o;q ,ﬂ (la//taf' ;g 1t ?_)

) Lo, 11CR gefs a fopo/o,y)/ﬁ’bm R

no fe: open sef3 1 lol] are vnions of

[o,b)
(o, b)
(a, 1]
EOI’]

$0 open sefs n a 5ubspaoe '/vpo/oyy
need not be efen (1 orijMo./ :;oece!

Oca<be |

*) 506?0&(.& h,ao/ojzer + p/wfuof- fb,vO/oyre: que a fopology

on S'xs!

and more jeae/ally 5 x $"

B. Lisit Poim'l's and Sequvences

HA s a svbset of a fopoéjzéal spoace [X,7), theq p eX i
a it 'pou?n” of A /f for each open set / w,,./m;,mj P

we have

A a(U-53) >0
the closwe of A is the sef- contaviing A and all the linit potits
of A, devote the closure by A

a set C is called closed F i+ comtanrs all its it pownts
/emrma 2
D A is closed (1e. A=A)
2D A (s closed €@ X-A s open
3) & finde vnion of closed sets is C/ofea’
%) any nfersection of closed setfs is closed




Proof:
2—) (=?) I1L A fs 0(0580( ‘{’flen avt?/ P GX’A ;S _r_l_«‘)j: a /l';!l.{' /1‘
of /4, $o 3 Some opgn set Up svch that
Up n A= (G- tB)nA=2r
that (s (/,oCX"A

_ A - - (
o XA Y e,

< F XA & open, then tor any P&A we hage
peX-A and ((-A)-1p) nA=g
s0 p is not- o limet pE of A
18 A contams all it Lt pts so A is cosed ,
) 1 A B are closed, then Q("A>, (x-8) are cpen

50 X-(A UB)=(X-A)n(x-B s open

It(}e Mo‘/janfg Z.av
o AUVB s closed

%) almost same as /o@mﬁ of 3)

%’e/as'e: chec/( 1) E
/ ﬂa‘htm(numbe@

a 582(/@468 wm X s a 7€mc(‘z£>n P /N"‘"X
we Adenote p(ﬂ) éy Pn and the .se?ae«rce by f/n}
Q 537%,445 fﬂ,} com/t":yg_; o P I:F 7%/ evtsy Opea sett U con '(‘azm;/yp

there Is some numbe, N svch that
p. €U porall nzn

- P
A ¢!
we denote us Po—P P ‘ L .’ﬂq "

v



exercse: Sow ,-F [X,/) (s a mebre space thea

fﬂ,; Lonverpes ﬁaéﬂ (10 metvric 1‘0/0/07?)

Ye¢so 3V such that dpn)<E N uzpy

So convegente il metnl S/RLES (S Just /e
friom a/La.{y.{/} class
lewma 3
let A be a set w a 5/0/07(2,0/ space x7)
It 3 a sequeace f/n} wi A and pu—2p , then p € A

Proof: J'F FéA,'Men pé/z( so done

l‘f' /o ¥A, hen for any open set- U Collf?uhth'/ P, Stnle frn=p
N st Y a2WV, peU

note p, €A P &A,s0 p¥FP
(V- nA * & (confams p,,,VMZA/)
hvs P i a e p'f". ofF A anA sp Pé/T 7

Rgmg/ﬁ= 5670&4(,&5 con behave SfY‘anfe/)/ "M q 72:46/&/ foﬁa/yzc‘av{ space
for mm/o/e: X = Z{Q‘b,C; X

7 = f,@',)(, {a,6], {c]}
©

not€: fthe segueace
Pn’ a V/)
Lonverges to ad o b !

What went wron j 7

answers: not enoujé 0/0&4 sets to
“Ads ﬁﬂ;au&ﬂa ard b



also recall from a/la[yﬂ;’ you t’/)(/oed’ 't F p e a lint
poat of A then 3 a sqpuene () 1 A svch that= po—p

but # a jemefa[ fv/o/cf/abaf space Hhat 5 not- ﬂ‘ue.[

How con we hx vhese problems ¢
o 7‘0/00/@(&0/ s/ace 6(;7) ,} Ca//ec/ H‘au.s/or# l';[ 7£v/‘ ew:/y
pair of distet pocats X,y €X there are

/l-f[oin'[‘ open sets (/aad \/ svel that x €U qnd y € V

we call q co//ecfz[pn W of opon sets 14 X con'fmh/.:"/a p e X
a ne{yéléorhao/ busis for p F hr every open set
v contawiong p, there i some set Verl svch that peV <U

we call [X, 7) 15’{" coum"dé/e nf' evtsy pom'z‘— ,oé'X has a
Countable nec}héo/lnoo/ basic

lepma ¢
i (X, T) 7s a Hansdo-fF fofaa/ojz‘&af space and

fF,.I s a sEquene i X thet conlre//aes D
P and 7‘7’7-/ hen P2

Proof: I1f pta,then ddizjout opensets U and V sucty
Haot pel ond g eV

Site po—p, AW such that pael ad fuel, Vazw

w UnV #&
'M’f éonﬁ’a/zafs o([sfof/lfneg O'F Ua/w{ V, S0 we

must hape P=9 &

lemma 5

let (X/ 7) be a 1i countable +-o,oo/7zwf pace

/f P (s a //rim" ,00[/1;" o'tCA’ vhen j G sezueqce
f/,,; m A svcl that frn=F




Proof: et iV}oj be a ne?ﬁéo//wo/ basis for p

note: UD(/ >...2U,>.
P/xe/a;-e 5[4,0&./ H U}_, (5 a/{o a ne jééo//zoo/ bosis ﬁr
( called nested ne fééoféao/ 54!/5)

N ow H;peA,Men take pa=p for aﬁzﬂ, and we see. f,—>p

i A when aore
b (U,,—f/})/)/\ x2 Vn smee pa /lr;alfﬂ"‘O‘)[A

% ,m&k P € ((/,,1 AA)
note a3 is a sequeace v A
Clawn: pp—p
indeed, 1+ U /s any ogen set containig p
then smce f(/,,§ a nbbdd basis for p
Tsome M/ st Y clU - UcU Vazpy “,,’,2;:;,()
wopy €LLC U/ Vnz/// that (s /n——a/ﬂ
ny.
) metri spaces are Hau;/o/'ﬁ’ and 1€i‘ tountable
2 5055/5:425 of HGllsa(o/# spaces ore Hausdortf

S

t A poptatle v 12 ontble
3) Ffodu(,fz of Hauys a[(,/ﬁﬁ s/ace,j oré L/au;d’a/#
X i A% poptatle v 0 1 oonteble

Broot: 1) Waus Aor - oF X*y 17 a metric space (X,J), then c=dlxy)>0
note  B,(R B )=

—



1¢ loontable.: ]fuen x € X, then ;8,/’,(*)){: can eas/'/?/ be
¢ heched © be. a nbhd btzszi/
exercise: Check 2)and 3) &

C. lontihyous Fuactions
lee (X,77) and (Y, 7°) be two fopo/ojz‘wf spa ces
a )gln&ﬁ'oln -f: y— v

15 contfrruous iF f"/(/) (S an gpen set 1 X tor a//c,aerz sefs U w ¥
N this means fxeX: F09€U]

exercise: You tan easi/fc,lﬁcﬁ
Fi RS R” s tontwinous

S0 Lonﬁ:hu?/y 72146@[/?65 ( U.flo:t/a sthadard metrec fp/oolyfg)
what you koow from &

onalysis Ver0o and xR’ 28>0 svch that
Alxy)<§ = AFR,FE) < E

7he7:

for a function FiX=>1 the 1%//0&/1&7 are equivalent

) £ s conbauous
2) £7YC) s closed i K for oll closesdt C v ¥

3) for any Ac X, f(7) € H4)

Proot: )=2):
We hrst note that for any ACY = £7(V-4) = X- £7(A)
mdeed: S xef (T-A)2 FROET-A, 0 F)&A
. x& LW and so x€X-1T(4)
2: xe X-F (A= x&F (A 0 FIEA
f(x)é‘/—A, hus xé,ﬁ"/}a,@_/




now o Fic conpriuous oncd C et clogeod
then Y-C s open and ¢tus £7(7-C)=Xx-£¥) |, open
hene +£7(¢) closed -+ 2) s e

DA D 15 same ovgument

D2 ot € be closed 1n 7
Set- A= 710 s 3) /d&fﬂom
w6 A, then FHEL(R) € fa) = f(f 1) €C=C

50 X € ‘)C'L/C\)=A and /4=/T_lf o[ose_p[ _/«{E.,“»gc
xe ff))

D93: quen pe A 2 dyefo,
~ A) < / st f&) =x
F peA, the ’Lﬁ)éf[) 4z s0 x=1fty) € C

F p&h then p u a limiF point of A
it £ 6 F(A) then done s0 assuwe F(p) & F(A)
Clawm: f0p) ¢s a luact pouit ot~ 1A

(< $(0) € FlA) and done)
to see ¥his sypose Fp) not- a limit point of- f14)
thos I an cpen set U in U st. HpeU
and Unfw)=2"
we know £7(0) is openii X (sirce £ cont)

d pe £(v)
ond pet [1/_ hopetully obvious
£l(aaB)=Ftm af (8 also F(V)nA € £ £ AR)
g: o:::?lxjﬂfgri&BAngq = f—l(Uﬂqc(A))='f"I[.9?:)@’

2: ! -l - ) o . -
-Mzﬂxjtfzei)fqil Z;B) sop (s not a /lmrf' potet 07[/4 & choce. 07[ p

‘. fo) eAnB 2 £ is a liit pf of FO4)
and xé £ (AnB) &



mg.

I X &5 12 toutable

Then F:X°Y s onfrruous
S

bor each seguence Pa P im X

we have £lp) = F) 1n [

S

Froof: (P) et pa—>p 1a X
let U be an open set tn U such that fpev
ten + (V) open in X ad o € £°1v)
s0 AN such that nz N = /Onéf‘l[‘/)
flpn) € F(F' (W)U Ynzy
re. £(p.)— Fp)

) /@'('A’oeazf m X
e show, (&) < Flh) thea dove éy T 27

50 take [2 ¢4
& ped, vhen FPeFAF@
f P&A', thea g a [imit pt of A
so é}z lemma 5 T a sequeace {p,,} A
st. pa—p
now o= ) 15 and Fp)] & seppmie 1 FU)
o emmal = Fip) e {(A)
0 FIA)EFR) gz

Wam'p/es o7£ onGnUoUs mags:

0 F y,f(I/ a port, thea the onstant map
F X7 x=y,

(3 tonfiuous, since fo- any open set 22 d

fFYYO=§€ pEU - :
f peV s open m X



2 if Aasvbgpace of X, thon the 1iclvsion may
11— X x>
15 tonhinuous  siace for- a1y open set- (J cX
177(V)= UNA s open ia A
D f £1X27 is contriucus and ACX has fhe svbspace topology,
then the restriztion
Pl A—X
s onbavous, since for ary open U< ¥
GCL‘)VU) :FV)YNA (s open n A
9) projection maps are tontmuous

T Xxr—> X (xy)=x  (XeT has the

duct /
s fpr any open set- Uin X procuct” fopo ‘°f/)

T(V)=UxY s open m X<Y

. -( P
Simila /y ﬁf ?é: er___> Y. (“:Y)Hy

5) comgosrﬁ'o'j; of tomhiuous maps are contwiuous
FiX—2r, gir=%
5°JC-'X"‘"72’ X+ 9[F(x)
smee (F U ig open 14 &, thea (?°7C)-I/V)=fl'[7"/‘/))
ond y"(U) opea I so f"[y"/l/)) open n X
b) F:2oXx0:2—(£,96) (s onfiruous
=
f: 29X and 9:27Y ore tonbinuous

videed: ) follows smee =T F and g = Te F (by ?)15_»
(&) exertise




let (X.7) be a fvpo/offca/ space. and X=Auvbk with
A and B closed sets in X
H ) F A=Y and j’g”f’ are ctontiuous aand
2) F(x=g9(x) Jorall xe ANB
Then there & a vngue Lontiruous map
hiX—Y
soch that VxeA hd=F6) and VXGE, A/¥)=3[x)

froot: ) xeA
defue hiX—V:ix—> éyfx) cen
by ), h s c/ea/‘/y well~-defined
we show h7(C) closed for any closed € i ¥ (then b contiauous
Clawi: W)= £7() v g™(O by Th?7)
Ph:(e) xeltorex
o x €A or XE€ 3, say X eA (other case 511;11'/&/)
s0 hd=F&) - f) el ard xé,ﬁ"/c)c,)c—l/ﬂuy-@/
(2) xef OV (O

Svppose X € F) [ other case swnilar)
s0 XeA and WX=FREC s0 xe £7'(,y

f,9 coatviuous = £7(0) closeol i A and
?"/C) closed i B
exeruse: Swee A4 and B are closed 1 Xl show £7(0) and
9‘"(0 are closed wn X
~h7) = £70 Uj"‘/C) 1s closed m X [by femma 2) p



a ﬁncﬁlon f:XWOMeOMOCP/H;’M ﬁf 7£ s a lonfrmiuous
bijecﬁ'&n and e wvese tunction £ Y= X s abo

contiduous

Ths 15 the natunl auivaleace
beteen fbpoloffba,/ soaces

we say X and [ are homeo rMO/,phtZ ,}L there 5 a l)omeomofldic}m

from ove fo the othe
note: all guestions about contwudty, tonvespence, and the (ke

are exadly the same homegmo/)ohcé spaces

s0 Prom the pe/;/ecﬁvc"’ of '(‘opola7y, you shouldd think of

‘\OmeoMofplﬂtZ 9,04(,5; qs the Samt

orxample s:
D Jet X=R-le0)] wih e svbspace topology

Y=5$'%R with the p/o/uc{’ 1"0/90/077
(¢ 761"5 sr/bspace -fo,oo/o;y from R*

where $'s f(at): a* b’ l}

Clawi: X ard Y arze homeomo/p/uc

! //// //// K—\
'/ T

= Y’:I'xl\’

f ((a,b),2)= (e®a,e?b)
glry)= (&9, =7)

well-defvied smece x*y?>0



note: §eof ()= (e"V* = nlxegt Y
1 (xn) (8 "*Y ) € v xteyt ')
= (ﬂ,y)

z
FLe(a0,2)- (sgz_zf-%, Wermry

= ((ab), %)
so f is a bijection with wiverse £
From caleuls wve know WLXK”/K‘- (xy,&) +—2 xe®
8 contriuous, so /1357‘7’/&16;1/0 to 5'xR
olo contruous

Slu'qf/a/(/ for (xy,2) yez'

0 F (s ounbivoas sice (ts Lomponent- furctous are.
you can 5{4«'4:'(4:/(}/ vee calculvs fo sce £7' s confituous
wfisa homeomorphis m !

2) let X=[-11Ix[-11]=ftay) €RE: iz, iyl 1}
Y= p*= fixy) | xy*41f
Clawa: X and ¥ are homeomorphic

X £ Y
iy <« an
v 7‘? ////-///

these 1.5 a contiviuous —ﬁmcﬁbm gi 5'— (0, 62)

such that j[ﬁ) jW’@' /ijﬂl—\ /

e




wdleed 960)- lse| '  eelT E]of3 5X]
|swel” oelF FIFTF

OxXC/ L g 15 contaupuou s (vse Th= 9)

now flre): [j(")", &) ( polar coo/a/u/ia‘/eg)
F'r0): (47, o)

Clea/‘{y 7C a boecﬁ.o@ V{%(q mperse -f-‘
and F and 70 are contiruous (u/lu/ ?7)

Remarkr /{— z's (/f// u&;oo/‘ﬁmf m the deﬁhzfén o'tC éo;neamaf/ohz& m
that +7'is conbiwous

example: X =1lo 1) Exﬁ /,c_7 Osl
r= s
FiXo U e (cos 2T, sta LTH)
i+ e ik of F as a map X—eﬂl It LS €agy fo see
fom calewlus that + (5 coutrviuous
this lrhp/zés F: X2 7 (s conbiuous
(since U open i ¥ means IV open 1n R
such that U=5'aV
and  F7 W)= FUs'a) = £7Y) open 1 X)
s0 F (s a coabAuous éijé[ﬁén, Lut we dont want

to think of the nteal andd s' 25 the same !
/uc/zﬂy they a-~nt becavse

Llawn: 7' (s not tontrivous
ideed let p.=F(1-%) ¢ G
Per
ths s a sequence {/)ng in S - P>
aod po—p=l1ey i S!



t F7(p=0
ot Fp ) T

o () does not convesye to £1p)
w f s uof ontiuous

an lh)'ec-{?ée onthinuous map Fix-oV s called an embe///igy
i F: X=X 15 a homeomorphism where FX)CT has
the svbspace fopo/o/a y

50 F we have an embedding X217 ten we may thik of X as
a suégﬁace of T

example: 1 AcK s a Wé;mce, then the iclvswon map 1°A—X
(5 an embeda(thj

kﬂo{} \7;(/-6 M‘/é/éé'f?hf emb&ddﬁyf 0'7L 5, ( K3



